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PREFACE 



This book is written for the purpose of furnishing college 
classes with a thoroughly usable textbook in analytic geometry. 
It is not so elaborate in its details as to be unfitted for practical 
classroom use ; neither has it been prepared for the purpose 
of exploiting any special theory of presentation ; it aims solely 
to set forth the leading facts of the subject clearly, succinctly, 
and in the same practical manner that characterizes the other 
textbooks of the series. 

It is recognized that the colleges of this country generally 
follow one of two plans with respect to analytic geometry. 
Either they offer a course extending through one semester or 
they expect students who take the subject to continue its 
study through a whole year. For this reason the authors have 
so arranged the work as to allow either of these plans to be 
adopted. In particular it will be noted that in each of the 
chapters on the conic sections questions relating to tangents 
to the conic are treated in the latter part of the chapter. 
This arrangement allows of those subjects being omitted for 
the shorter course if desired. Sections which may be omitted 
without breaking the sequence of the work, and the omission 
of which will allow the student to acquire a good working 
knowledge of the subject in a single half year are as follows : 
46-53, 56-62, 121-134, 145-163, 178-197, 225-245, and part 
or all of the chapters on solid geometry. On the other hand, 
students who wish that thorough foundation in analytic geom- 
etry which should precede the study of the higher branches of 
mathematics are urged to complete the entire book, whether 
required to do so by the course of study or not. 

iii 
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PREFACE 



This book is intended as a textbook for a course of a full 
year, and it is believed that many of the students who study 
the subject for only a half year will desire to read the full text. 
An abridged edition has been prepared, however, for students 
who study the subject for only one semester and who do not 
care to purchase the larger text. 

It will be observed that the work includes two chapters on 
solid analytic geometry. These will be found quite sufficient 
for the ordinary reading of higher mathematics, although they 
do not pretend to cover the ground necessary for a thorough 
understanding of the geometry of three dimensions. 

It will also be noticed that the chapter on higher plane 
curves includes the more important curves of this nature, 
considered from the point of view of interest and applications. 
A complete list is not only unnecessary but undesirable, and 
the selection given in Chapter XII will be found ample for 
our purposes. 
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GREEK ALPHABET 



The use of letters to represent numbers and geometric mag- 
nitudes is so extensive in mathematics that it is convenient 
to use the Greek alphabet for certain purposes. The Greek 
letters with their names are as follows: 
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ANALYTIC GEOMETRY 



CHAPTER I 

INTRODUCTION 

1. Nature of Algebra. In algebra we study certain laws 
and processes which relate to number symbols. The proc- 
esses are so definite, direct, and general as to render a 
knowledge of algebra essential to the student’s further 
progress in the study of mathematics. 

As the student proceeds he may find that he has forgotten certain 
essential facts of algebra. Some of the topics in which this deficiency 
is most frequently felt are provided in the Supplement, page 283. 

2. Nature of Elementary Geometry. In elementary geom- 
etry we study the position, form, and magnitude of certain 
figures. The general method consists of proving a theorem 
or solving a problem by the aid of certain geometric prop- 
ositions previously considered. We shall see that analytic 
geometry, by employing algebra, develops a much simpler 
and more powerful method. 

It is true that elementary geometry makes a little use of algebraic 
symbols, but this does not affect the general method employed. 

3. Nature of Trigonometry. In trigonometry we study 
certain functions of an angle, such as the sine and cosine, 
and apply the results to mensuration. 

The formulas of trigonometry needed by the student of analytic 
geometry will be found in the Supplement. 

1 
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4. Nature of Analytic Geometry. The chief features of 
analytic geometry which distinguish it from elementary 
geometry are its method and its results. The results will be 
found as we proceed, but the method of procedure may 
be indicated briefly at once. This method consists of indicat- 
ing by algebraic symbols the position of a point, either fixed 
or in motion, and then applying to these symbols the proc- 
esses of algebra. Without as yet knowing how this is done, 
we can at once see that with the aid of all the algebraic 
processes with which we are familiar we shall have a very 
powerful method for exploring new domains in geometry, 
and for making new applications of mathematics to the 
study of natural phenomena. 

The idea of considering not merely fixed points, 
as in elementary geometry, but also points in 
motion is borrowed from a study of nature. For 
example, a ball B thrown into the air follows a cer- 
tain curve, and the path of a planet E about its sun 
is also a curve, although not a circle. 

5. Point on a Map. The method by which we indicate 
the position of a point in a plane is substantially identical 
with the familiar method employed in map drawing. 'To 
state the position of a place on the surface of the earth 
we give in degrees the distance of the place east or west of 
the prime paeridian, that is, the longitude of the place; 
and then we give in degrees the dis- 
tance of the place north or south of the 
equator, that is, the latitude of the place. 

For example, if the curve NGAS represents 
the prime meridian, a meridian arbitrarily 
chosen and passing through Greenwich, and 
if WA BE represents the equator, the position 
of a place P is determined if AB and BP are known. If AB = 70° and 
BP = 45°, we say that P is 70° east and 45° north, or 70° E. and 45° N. 
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6. Locating a Point. The method used in map drawing 
is slightly modified for the purposes of analytic geometry. 
Instead of taking the prime meridian and the equator as 
lines of reference, we take any two intersecting straight lines 
to suit our convenience, these being designated as YY 1 and 
XX 1 , and their point of intersection as 0. yt P p 

Then the position of any point P in the 0/ a A 
plane is given by the two segments OA and X ’ f A X 
AP ', AP being parallel to YY 1 . /Y' 

If we choose a convenient unit of measurement for these 
two segments, the letters a and b may be taken to repre- 
sent the numerical measures of the line segments OA and 
AP , or the distances from 0 to A and A to P respectively. 

It is often convenient to draw PB 
parallel to AO and to let BP— a, as here 
shown. That is, we may locate the point _ 

P by knowing OA and AP , or OA and X 
OB , or BP and AP, or BP and OB. 




7. Convention of Signs. As in elementary algebra we 
shall consider the segment OA , or the distance a , in the 
figure next above, as positive when P is to the light of YY 1 , 
and as negative when P is to the left of YY 1 . Similarly, we 
shall consider the segment AP, or the distance b, as positive 
when P is above XX 1 , and as negative 
when P is below XX 1 . 

In this figure P x is determined by x x and 

Vv P 2 b y x 2 and Vv p z b y x s and and p * 
by x 4 and y 4 . Furthermore, x v x v y v y 2 are 
positive, and x 2 , x 3 , y 3 , y 4 are negative. 

We shall hereafter speak of a line segment and its numerical 
measure as synonymous, and shall use the word line to mean a 
straight line, unless confusion is likely to arise, in which case the 
language will conform to the conditions which develop. 
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Exercise 1. Locating Points 

Using 1 in. to represent 20°, and considering the surface of 
the earth as a plane, draw maps locating the following places: 

1. 20° W., 40° N. 3. 20° W., 20° S. 5. 0°W., 0°N. 

2. 20° E., 40° N. 4. 20° E., 30° S. 6. 10° W., 0°N. 



Using | in. as the unit of measure, draw any two inter- 
secting lines and locate the following points : 

7. a = 3, 6 = — 2. 9. a= — 4, & = 6. 11. a = 0,b = 0. 

8. a = 4, b = 5. 10. a = — 5,b = 0. 12. a— —1 ,b =—A. 



13. Given x x = — 4, y x = 0, locate the point P v and given 
x 2 = 0, y 2 = 8 , locate the point P 2 , and then draw the line Pf# 
Find the pair of numbers which locate the mid point of Pf 2 . 




14. In this figure OB A is an equilateral 
triangle whose side is 6 units in length. 

Taking XX' and YY 1 as shown, find the 
five pairs of numbers which locate the three 
vertices A, B,0 and the mid points M x and 
M 9 of OA and AB respectively. 

15. Given the equilateral triangle ABC in which AB = 6. 
Taking XX ' along the base, and YY 1 along 
the perpendicular bisector of the base, find 
the five pairs of numbers which locate the 
three vertices A, B, C and the mid points 
M x and M 2 of AB and BC respectively, as 
shown in the figure. 

16. In this figure AB and CD are parallel, and BD is 
perpendicular to each. The length of BD 
is 7 units. Draw the circle as shown, tan- 
gent to the three lines. Taking XX ' along 
CD, and YY 1 along BD, find the pairs of 
numbers which locate the center of the 
circle and the three points of tangency. 
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8. Definitions and Notation. In this figure the lines 
XX ' and YY r are called respectively the x axis and the 
y axis , 0 is called the origin , OA, or a , is 
called the abscissa of P, and AP, or b , is 
called the ordinate of P. The abscissa and 
the ordinate of the point P taken together 
are called the coordinates of P. 

Every pair of real numbers, a and 6, are the coordinates 
of some point P in the plane ; and, conversely, every point 
P in the plane has a pair of real coordinates. 

When we speak of the point a, b, also written (a, J), we 
mean the point with a for abscissa and b for ordinate. 

For example, the point 4, — 3, (4, — 3), or P (4, — 3) has the 
abscissa 4 and the ordinate —3, and the point (0, 0) is the origin. 

The method of locating a point described in § 6 is 
called the method of rectilinear coordinates . 

Rectilinear coordinates are also called Cartesian coordinates , from 
the name of Descartes (Latin, Cartesius) who, in 1637, was the first 
to publish a book upon the subject. 




When the angle XOY is a right angle, the coordinates 
are called rectangular coordinates ; and when the angle XOY 
is oblique, the coordinates are called oblique coordinates . 

Following the general custom, we shall employ only rectangular 
coordinates except when oblique coordinates simplify the work. 



In the case of rectangular coordinates the 
axes divide the plane into four quadrants, 
XOY being called the first quadrant, YOX' 
the second, X r OY r the third, and Y f OX the 
fourth, as in trigonometry. 




9. Coordinate Paper. For convenience in locating points, 
paper is prepared, ruled in squares of convenient size. This 
is called coordinate paper . 
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Exercise 2. Locating Points 

1. Draw a pair of rectangular axes, use £ in. as the unit, 
and locate the following points : (4, 2), (2, 4), (— 2, 4), (— 4, 2), 
(- 4, - 2), (- 2, - 4), (2, - 4), (4, - 2). 

2. Draw a pair of rectangular axes, use any convenient 

unit, and locate the following points : (— 1, 4), (0, 2), (1, 1), 
( 2 > h)> |), (5, ^g). 

It should be noticed that in Exs. 1 and 2 the points lie on curves of 
more or less regularity. 

3. Draw a pair of rectangular axes, use ^ in. as the unit, 
and locate the following points : (5, 5), (5, — 5), (— 5, 5), 
(- 5, - 5), (0, 5), (5, 0), (- 5, 0), (0, - 5). 

4. Draw a pair of rectangular axes, use any convenient 
unit, and locate the following points : (30, — 10), (25, 17), 
(_ 20, - 24), (-12, 20), (- 30, -10), (21, 28), (-21, 28). 

In each of the above four examples the drawing of the axes has been 
mentioned, and the unit also has been mentioned. Hereafter it will be 
understood that the axes are to be drawn and a convenient unit is to be 
taken. It is suggested, however, that the student hereafter use coordinate 
paper as described in § 9. 

Locate each of the following pairs of points and calculate 
the distance between the points : 

5. (0, 2), (0, 5). 8 . (0, 2), (0, - 5). 11 . (4, 0), (8, 0). 

6. (4, 0), (4, 6). 9. (0, - 2), (0, 5). 12, (- 6, 2), (4, 2). 

7. (6, 2), (6, 8). 10. (4, - 3), (4, 3). 13. (-1, 0), (0, -1). 

14. Locate the following points and calculate the distance 
from the origin to each point : (3, 4), (— 3, 4), (— 4, — 3), 
(2, - 5), (- 6, - 3), (5, 5). 

In place of calculating square roots, the table of square roots given 
on page 284 in the Supplement may be used. 

15. Locate the following points and calculate the distance 
of each from the origin : (8, 4), (— 8, 4), (— 8, — 4), (7, — 2). 
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16. Draw perpendiculars from P x (— 8, — 8) and P 2 (— 2, —4) 
to both axes, and find the coordinates of the mid point of P x P t 

17. Draw perpendiculars from P x (5, 6) and P 2 (ll, 8) to 
both axes, and find the coordinates of the mid point of P x P r 






TAX 



\Y 



B 

M 2 



18. In this figure it is given that OA = 7 
and OB = 4. Find the coordinates of each 
vertex of the rectangle and of the intersection 
of the diagonals. 

19. If the mid point of the segment P X P % is (0, 0), and the 
coordinates of P x are a, b, find the coordinates of P 2 . 

20. In this figure it is given that BAO is a right triangle, 
M x is the mid point of OB, and 3/ a is the mid 
point of AB. If the coordinates of B are 13, 

11, find the coordinates of M x and J/ 2 . From 
the result show that M X M 2 is parallel to OA. 

21. In the figure of Ex. 20 produce M 2 M X to meet OY at M, 
and find the lengths of MM 2 , M X M % , and OM x . 

22. Construct a circle through the three points A (6, 0), 
B(0, 8), and 0(0, 0), and find the coordinates of the center 
and the length of the radius. 

23. Draw the bisector of the angle XOY and produce it 
through O. On this line locate a point whose abscissa is — 4 
and find the ordinate of the point. 

24. A point P(x, y) moves so that its abscissa is always 
equal to its ordinate, that is, so that x is always equal to y. 
Find the path of P and prove that your conclusion is correct. 

25. Draw the path of a point which moves so that its ordi- 
nate always exceeds its abscissa by 1. 

26. Describe the position of all points P(x, y ) which have 
the same abscissa. 



For example, consider the points whose abscissas are all equal to 5. 

27. Describe the position of all points P ( x , y ) which have 
the same ordinate. 
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10. Lines and Equations. Having learned how to locate 
points by means of coordinates, we now turn to the treat- 
ment of lines, straight or curved. 

For our present purposes, a line may conveniently be 
regarded as made up of all the points which lie upon it. 

Consider, for example, the bisector 
AB of the angle XOY. Here we 
see that the coordinates of every 
point P(x, y ) on the line AB are 
equal ; that is, in every case x — y. 

And conversely, if x = y, the point 
(x, y) is on AB. 

Hence the equation x = y is true 
for all points on AB , and for no other points. We therefore 
say that the equation x — y is the equation of the line AB y 
and refer to AB as the graph , or locus, of the equation x = y. 

Again, consider the circle with center at the origin and 
with radius 5. If the point P (x, y) moves along the circle, 
x and y change; but since x and y are 
the sides of a right triangle with hypote- 
nuse 5, it follows that x* + y 2 = 25. This 
equation is true for all points on the 
circle and for no others ; it is the equa- 
tion of this particular circle, and the circle 
is the graph of the equation xl+y 1 ^ 25. 

We therefore see that a certain straight line and a certain 
circle, which are geometric, are represented algebraically 
in our system of coordinates by the equations x = y and 
z 2 +^ 2 =25 respectively. 

Whenever an equation is satisfied by the coordinates of 
all points of a certain line, and by the coordinates of no 
other points, the line is called the graph of the equation , and 
the equation is called the equation of the graph . 




(x,y) 
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11. Two Fundamental Problems. The notion of corre- 
spondence between graphs and equations gives rise to two 
problems of fundamental importance in analytic geometry: 

1. Given the equation of a graph , to draw the graph. 

2. Given a graph , to find its equation. 

These problems, with the developments and applications 
to which they lead, form the subject matter of analytic 
geometry. A few examples illustrating the first of these 
problems will now be given, the second problem being 
reserved for consideration in Chapter III. 

The word locus is often employed in place of the word graph 
above. So also is the word curve , which includes the straight line 
as a special case. 

12. Nature of the Graph of an Equation. In general an 
equation in x and y is satisfied by infinitely many pairs 
of real values of x and y. Each of these pairs of values 
locates a point on the graph of the equation. The set of 
all points located by these pairs usually forms, as in the 
examples on page 8, a curve which contains few or no 
breaks, or, as we say, a curve which is continuous through 
most or all of its extent. 

In dealing with graphs of equations in the remainder 
of this chapter, and again in Chapter III, we shall assume 
that the graphs are continuous except when the contrary 
is shown to be the case. 

The study of the conditions under which the graph of 
an equation is not continuous, together with related topics, 
is a matter of considerable importance in the branch of 
mathematics known as the calculus. 

In special cases it may happen that the graph of an equation 
consists of only a limited number of real points. For example, the 
equation x 2 + y 2 = 0 is satisfied only by x = 0, y — 0, and its graph 
is a single point, the origin. 
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13. Plotting the Graph of a Given Equation. If we have 
given an equation in x and y, such as 3 y — 5 x + 8 = 0, we 
can find any desired number of points of its graph, thus : 



When x = 


-2 


b 


0 


B 




3 


4 


then y = 


-6 


— 4i 


"2f 


-l 


2 

3 


91 

3 


4 



Each pair of values thus found satisfies the equation and 
locates a point of the graph. By plotting 
these points and connecting them by a 
curve we are led to infer, although we 
have not yet proved it, that the graph 
is a straight line. 

The above process is called plotting the 
graph of the equation , or simply plotting 
the equation . 

Asa second illustration of plotting an equation we may 
consider the case of y = 1 + x — a?. Proceeding as before : 




When x = 


- 3 


-2 


a 


0 


D 


2 


3 


4 


then y = 


-11 


-5 


B 


1 


5 


B 


-5 


-11 



Joining the points by a smooth curve, 
we have a curve known as the parabola, 
which is defined later. 

It may be mentioned at this time that a 
ball thrown in the air would follow a parabolic 
path if it were not for the resistance of the 
air; that the paths of certain comets are pa- 
rabolas ; that parabolic arches are occasionally 
used by engineers and architects; and that the 
cables which support suspension bridges are 
usually designed as parabolas. 
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Exercise 3. Graphs of Equations 



1. Plot the equation y — 2x + 2 = 0. 

2. Plot the equations 3 x + 2 y = 6 and 3 x 2 y = 12. 

3. Plot the equations 4 a; — 3 y = 10 and 3 # + 4 y = 12. 

4. Plot the equation y = a a , taking x = — 4, — 2, 0, 2, 4. 

5. Plot the equation y = + Vx, locating the points deter- 
mined by giving to x the values 0, 1, 4, 9, and 16. By examin- 
ing the graph, determine approximately V6, Vl2, and Vl4. 

The value of each square root should be estimated to the nearest 
tenth. The estimates may be checked by the table on page 284. 



6. The equation A = 7 rr 3 gives the area of a circle in terms 
of the radius. Using an A axis and an r axis as here shown, 
plot this equation, taking ir = -^ 2 -, and assigning to r the 
values 0, 1, 2, 3. Estimate from the graph the 
change in area from r = 1 to r = 2, and from 
r = 2 to r = 3. 

Why were no negative values of r suggested ? 



7. From each corner of a sheet of tin 8 in. square there is 
cut a square of side x inches. The sides are then bent up to 
form a box. Knowing that the volume V is the 
product of the base and height, express V in 
terms of x. Using a V axis and an x axis plot 
the equation, taking x = 0, 1, 2, 3, 4. From 
the gfaph, determine approximately the value 
of x which seems to give the greatest volume 
to the box. If your estimate is, say, between 
x = 1 and x = 2, plot new points on the graph, taking for x the 
values If, and endeavor. to make a closer estimate 

than before. Estimate the corresponding value of V. 

Why were no values of * greater than 4 or less than 0 suggested ? 

Questions involving maxima and minima , such as maximum strength, 
maximum capacity, and minimum cost, are very important both in 
theory and in practice. The subject is considered at length in the 
calculus, but analytic geometry affords a valuable method for treating it. 

AO 
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8 . The attraction A between the poles of an electromagnet 
varies inversely as the square of the distance d between the 
poles ; that is, A = Jc/d 2 , lc being a constant. Taking the case 
A = 25/d 2 , plot the graph for all integral values of d from 
2 to 10. Estimate from the graph the amount by which A 
changes between d = 2 and d — 3 ; between d = 8 and d = 9. 

9. Certain postal regulations require that the sum of the 

girth and the length of a parcel to be sent by parcel post shall 
not exceed 7 ft. Supposing that a manu- r v 
facturer wishes to ship his goods by parcel \ 8 { 

post in boxes having square ends and with 1 

the girth plus the length equal to 7 ft., study the variation 
in the capacity of such a box as the dimensions vary. 

We evidently have the equations 4 s + l = 7 and V = sH = s 2 (7 — 4 s). 
Giving to s the values 0, J, 1, §, 2, plot the equation V = s 2 (7 — 4 s ), and 
estimate from the graph the value of s which gives the maximum value 
of V. Try to improve the accuracy of this estimate, if possible, by closer 
plotting near the estimated value of s. 

10. Consider Ex. 9 for a cylindric parcel of length l inches 
and radius r inches. 

The circumference is 2 irr and the volume is irrH. 

11. A strip of sheet metal 12 in. wide is to be folded along 
the middle so as to form a gutter. Denoting the width across 
the top by 2 x , express in terms of x the area A of the cross 
section of the gutter. Plot the graph of this equation in A 
and x y and determine approximately the width corresponding 
to the maximum capacity of the gutter. 

12. A rectangular inclosure containing 60 sq. yd. is to be laid 
off against the wall AB of a house, two end walls of the inclosure 
being perpendicular to A By and the other wall being parallel to 
AB. In terms of the width x of the inclosure, express the total 
length T of the walls to be built, and plot the graph of this 
equation in T and x. What value of x makes T the minimum ? 

13. Find the dimensions of the maximum rectangle that can 
be inscribed in a circle having a diameter of 16 in. 





